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In this paper, we define a new numerical invariant of knots induced from their regular diagrams, 
and connect it with the Conway polynomials. 
1. Introduction 
The purpose of this paper is to derive a new numerical invariant of knots from 
their diagrams. Yamamoto [6, Lemma 21 showed that for any nontrivial knot, there 
is a regular diagram of the knot such that the diagram has disjoint, nonempty sets 
A and B of crossing points such that for any set of A, B and Au B, the diagram 
is deformed into a trivial knot diagram when we change the crossings at the points 
of the set. This result arises a problem as to whether or not there exists a nontrivial 
knot K such that K has a diagram k which has mutually disjoint, nonempty sets 
Al,‘%,.. . , A, of crossing points such that the diagram 2 is deformed into a trivial 
knot diagram when we change the crossings at the points of any nonempty subset 
of {A,, AZ, . . . , AnI. 
In this paper, we construct such knots for every natural number n (Theorem 2.4), 
and give a necessary condition of such knots in terms of the Conway polynomial 
(Theorem 2.5). 
Throughout this paper, we work in the PL-category and we refer to Burde and 
Zieschang [l] and Rolfsen [5] for the standard definitions and results of knots and 
links. 
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2. Definitions and results 
Conway [2] defined a polynomial invariant of link types which is calculated from 
link diagrams. In this paper we call the one-variable polynomial defined in [2] the 
Conway polynomial. The Conway poZynomia1 V,(z) of a link L satisfies the following 
axioms: 
(Cl) For three links L+, L_ and Lo which differ only one place as shown in 
Fig. 1, the Conway polynomials satisfy 
V,+(z) = V,_(z) + ZVb(Z). 
(C2) For the trivial knot U, VU(z) = 1. 
We say that (the diagram of) L,, is obtained from (diagrams of) L, and L- by 
smoothing the crossing. We define the sign E of a crossing as in Fig. 2. The following 
proposition is obtained by using (Cl) recursively and guarantees that the Conway 
polynomial of any link can be calculated by using axioms (Cl) and (C2) recursively. 
Notation. Let L be a link, and L’ a diagram of L with the set of crossing points 
D(~)={c,,c,,..., c,}. For a subset D = {Q,, ck2, . . . , ck,} of D(i), we denote by 
&, the diagram obtained from i by changing the crossing at the points of D. 
Proposition 2.1. Let L be a link and L” a diagram of L with the set of crossing points 
D(i) = {c, , c2, . . . , c,}. Let Di = {c, , c2, . . . , ci} and D,, = 0. By Lb,, we denote the 
diagram obtained from Lo,_, by smoothing at ci, for i = 1,2, . . . , m (m s n). Let LDg 
and Lb& be links represented by the diagrams L D, and LID,, respectively. Then we have 
V,(z) = V.,_(z)+ z F es$(4, 
i=l 
where ei is the sign of ci_ 
For the links L, Lo,, Lb,, . . . , LD_, Lb_ related as in Proposition 2.1, we assign 
the tree as in Fig. 3, and call the tree the C-tree corresponding to the set { c1 , c2, . . . , cm}. 
L+ L_ La 
Fig. 1. 
Fig. 2. 
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Fig. 3. 
It is known (e.g. [l, p. 1911) that if L is a link with p components, V,(z) has the 
following form: 
V,(z) = z~“(ao+a,z2+a,z4+* * *+a2nZ2n), 
where ao,a,,... , a2* are integers. 
Definition 2.2. Let K be a knot and 2 a diagram of K with the set of crossing 
points D(K). Let A,, A*, . . . , A,, be nonempty subsets of D(K) with Ai n A, = 0 
for i # j. For any nonempty subfamily ti = {A,, , A,, , . . . , A,,} of {A,, A,, . . . , A,}, 
we denote the set A,, u Aj, u . . . u A,, by SB also. We say that k is an n-trivial diagram 
of K with respect to {A,, A*, . . . , A,} if for any nonempty (not necessary proper) 
subfamily d of {A,, AZ, . . . , A,,}, k& is a trivial knot diagram. 
If a knot K has an n-trivial diagram and has no m-trivial diagrams for m > n, 
we denote the number n by O(K). If a knot K has an n-trivial diagram for any 
natural number n, we define O(K) = ~0. For example, O(U) = 00 for the trivial knot 
U as shown in Fig. 4. We note that an n-trivial diagram of a knot is also an m-trivial 
diagram of the knot for 1 c m < n. 
Example. The diagram kKT as shown in Fig. 5 is the Kinoshita-Terasaka knot KKT 
(see [3]). Let A, = {c,}, A, = {c2,, Cam, Cam, cz4} and A3 = {cjl, cx2} as shown in Fig. 5. 
Fig. 4. 
Fig. 5. 
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This diagram is deformed into a trivial knot diagram when we change the crossing 
atthepointsofanysetofA,,A,,A,,A,uA,,A,uA,,A,uA,andA,uA,uA,. 
Therefore iKT is a 3-trivial diagram of K,, with respect to {A,, A*, A,}, and 
O( K,,) 2 3. 
We note that every diagram of a nontrivial knot K is a l-trivial diagram. In our 
notation, Lemma 2 of Yamamoto [6] is stated as follows: 
Proposition 2.3. Any knot K has a 2-trivial diagram, in other words, O(K) 2 2. 
The following theorems show that O(K) is not trivial. 
Theorem 2.4. For any natural number n, there is a nontrivial knot K which has an 
n-trivial diagram. 
Proof. The knot in Fig. 6 has an n-trivial diagram. In fact, for a nonempty subfamily 
d of {A,,A*,.. . , A,} the diagram is deformed into a trivial knot diagram if we 
change the crossing at the points of &. The knot in Fig. 6 is converted to the knot 
in Fig. 7 which is an alternating knot by a finite sequence of the following move as 
shown in Fig. 8. Since Fig. 7 is a proper alternating diagram, the knot is a nontrivial 
knot by Murasugi [4]. 0 
I I 
Fig. 6. 
Fig. 7. 
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Fig. 8. 
Theorem 2.5. If a knot K has an n-trivial diagram, then the Conway polynomial VK (z) 
of K is of the following form: 
(1) If n is odd, then 
V,(z)= 1+a,+1zn+1+a,+3zn+3+. ** 
and 
(2) if n is even, then 
V,(z) = l+aa,z”+a,+,z”+*+* - a. 
The following corollary is obtained immediately from Theorem 2.5. 
Corollary 2.6. If the Conway poZynomia1 of K is not one, then O(K) is jinite. 
By Proposition 2.3 and Theorem 2.5, we have the following corollary. 
Corollary 2.7. If the coeficient a2 of z2 of the Conway polynomial of a knot K is not 
zero, then O(K) = 2. 
3. Proof of Theorem 2.5 
Let I? be an n-trivial diagram of K with respect to {A,, AZ,. . . , A,,}. Let Ai = 
tcil 9 ci2v . . . , ciac,,} and &ij the sign of cij defined as in Fig. 2. By K(,!I,?,:::i), we denote 
the link which is obtained from K by changing the crossing at ci,, cl*,. . . , Cli,_l, 
c21, c229 * * * 9 c2i2-1 3 * f . 7 Ckl 3 . . * 3 Ckik_l and smoothing at Cli, , Czi2, . . . , Cki,. TO prove 
Theorem 2.5, it is sufficient to show the following lemma since the Conway poly- 
nomial VK (z) of the knot K has no terms of odd degree as remarked in Section 2. 
Lemma. If a knot K has an n-trivial diagram, then the Conway polynomial VK (z) of 
K is of the following form: 
v,(z)=l+z” c Eli,&2i2 ’ ’ . &nimv (z). (1) 
Isi,su(j) 4, ; ::: i”,, 
j=1,2,...,n 
Proof. We prove (1) by induction on n. In the case n = 1, we consider the C-tree 
which is shown in Fig. 9. 
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K\ K(,) \ K(l) \ ---- \ 1::) 
1 2 cm) 
Fig. 9. 
By K(A), we denote the link which is obtained from K by changing the crossing 
at the points of Ai. 
By Proposition 2.1, 
a(l) 
VK(Z)=VK(&)(Z)+z C Eli,vK(~)(z)* 
i,=l 1, 
Since the knot K(A) is a trivial knot, we have 
a(l) 
V,(Z)=l+Z C EIi,V 1 Z . 
i,=l K(.)( ) ‘I 
Therefore in the case n = 1, we have (1). 
We prove the case n = k 2 2. We suppose that for any knot K which has a 
(k - 1)-trivial diagram the Conway polynomial of K has the following form: 
V,(z) = l+zk-’ 1 &li,&2i, ’ ’ ’ Ek-lik_l V (Z). (2) 
lsi,sa(j) 
j=1,2,...,k-1 
We suppose that the knot K has a k-trivial diagram with respect to {A,, AZ, . . . , Ak}. 
Then K has a (k- I)-trivial diagram with respect to {A,, AZ,. . . , Ak-l}, and the 
Conway polynomial of K is of the form as shown in (2). We calculate the Conway 
polynomial of K(~,~:::fk~~) by using A k. The C-tree corresponding to Ak is shown 
in Fig. 10. 
By K (~lt:::fk~:~), we denote the link which is obtained from K(,?,~:::~k:~) by changing 
the crossing at the points of Ak. By Proposition 2.1, we have 
a(k) 
= V 
K<; ; ::: yt 2) 
(Z)+Z C &kikV (z). 
ik=l K (;, ;‘, ::: fky I”,) 
(3) 
K(J...k-l ) ckl 
'1"' ik-l , 
'k2 'k3 'k6ctk, K(.l"'k-l ;) 
, , ___ , '1""k-1 
K(;,:::~-l :) K((:::;;_l;) K(,l ..' k-l k 
k-l u(k)) '1"' 'k-1 
Fig. 10. 
Y. Ohyama / A new numerical invariant of knots 
By (2) and (3), we have 
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VK(Z)=l+Zk-’ 1 Eli,&Zi, ’ * ’ &kplir_, V (z) 
lsi,ra(j) 
j=1,2 . . . ..k-I 
+zk 1 ElilE2i, ’ ’ ’ EkikV (z). (4) 
l=Z$Sa(j) K (;, I’ ::: y;rrt I;, 
j=1,2,...,k 
Since K(i) has a (k - l)-trivial diagram with respect to {A,, AZ,. . . , Ak-l}, by the 
hypothesis of induction we have 
’ kZ 
K( 00 )( ) 
=l+zk-’ c &li,&2iz * ’ ’ Ekplil_, V 
K( 
k , 2 ,-,+z). (9 
lGi,Sa(j) co i, il .,. ik_, 
j=1,2,...,k-1 
We note that the link K(~,~:::~L~~~) is the link K($~:::~~~~) just as it is, since 
Al,Az,..., Ak are mutually disjoint. Then, since the knot K(h) is a trivial knot, 
we have, by (5), 
Z 
k-1 
c Eli,&Zi, ’ ’ ’ &k&lik_, V 
l=Si,S-a(r) K (I: ; ::: fk;: 2) 
(z)=O. (6) 
j=lJ...,k-1 
By (4) and (6), we have 
V,(z)=l+zk c E1t,E2iZ ’ ’ ’ &kikv (z). 
lSi,Sa(j) K (;, ; ::: ,;, 
j= 1,2,...,k 
This completes the proof of the lemma and also of Theorem 2.5. 0 
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